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The 22-compartment model described in the paper consists of a number of extensions to the detailed 16-
compartment model by Tuite et al. [1], including the addition of multiple compartments, model stratifications,
and model discrepancy. This supplemental material contains the equations of motion for the model described in
“Study protocol: a comprehensive compartmental model and calibration algorithm for the study of clinical implica-
tions of the population-level spread of COVID-19.” The mathematical form of the model is described, along with the
inclusion of model error to extend the deterministic model to a stochastic compartmental model. Subsequently, the
pertinent details of the proposed nonlinear sparse Bayesian learning (NSBL) algorithm are provided. The necessary
modifications to the ordinary differential equation model capturing only the temporal variation of COVID-19 case
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counts to include the spatio-temporal variation of disease dynamics through a partial differential equation model are
discussed.

A Modelling population-level spread through ordinary differential equations

The model by Tuite et al. [1] is stratified by age into 16 age groups with equal widths of five years, and includes a
second stratification indicating whether or not an individual has a pre-existing health condition. In this case, each
compartment is indexed by i = (1, . . . ,16) for age group, and j = (1,2) for comorbidity. The proposed model considers
the stratification more generally; each compartment in Figure 1 would be indexed by i = (1, . . . ,Ni) for age group,
j = (1, . . . ,N j) for comorbidity ( j = 1 for no comorbidity, and j = 2, . . . ,N j for specific pre-existing health conditions).
Furthermore, in the equations below, an additional index k = (1, . . . ,Nk) is introduced that has a distinct index for
unvaccinated individuals and Nk −1 indices different vaccines (see discussion in Section 2.2.2). The total number of
states in the model is (22×Ni ×N j ×Nk). Clearly, as the number of phenomena modelled by stratification increases,
the number of states in the model increases exponentially.

Note that the other phenomena described in Sections 2.2.1 and 2.2.2 may be modelled through further stratifica-
tion (by introducing additional indices) with minimal modification to the system of equations below. The equations
are shown for the three above-mentioned stratifications as the model includes cross-terms that allow individuals to
move from one index to others in time (i.e., by aging out of their current age index, i, by developing long-term health
complications resulting in a change in comorbidity index, j, and by becoming vaccinated, or having the period of
vaccine effectiveness elapse resulting in a change in vaccination index, k).

The system of equations (Eqs. (A.1 - A.22), derived by extending the equations in [1]) is a direct mathematical
representation of the flowchart in Figure 1, hence, each state (summarized in Table 1) relates to one of the com-
partments of that flowchart. Likewise, the coefficients (rate parameters or probabilities, summarized in Table 2) are
represented by the arrows in the flowchart, as these parameters dictate the flow of individuals between adjacent com-
partments. Each equation represents the net flow of the population into the respective compartment. The indices of
the parameters are omitted from Eqs. (A.1 - A.22) for simplicity. Note the model discrepancy terms in red for each
model equation. These consist of a strength parameter, qS, . . . ,qD, and correlated noise processes, ξS, . . . ,ξD, thereby
extending the model equations to a stochastic form. Note that the model errors must be statistically correlated
in order to maintain the conservation of the population in the mechanistic model [2]. The model error strength
parameters will be estimated in the inference through the NSBL algorithm.

Susceptible:
dSi jk

dt
=−λ i jkSi jk+∑

Nk
ψ=1

(−γ
ψ
V Si jk + γ

ψ
T ΨψkV i jψ)+ γR(R1i jk +∑

N j

υ=1
ϒυ jR2iυk)−µSi jk +µS(i−1) jk +qSξS (A.1)

Vaccinated:
dV i jk

dt
=−(1− rV )λ

i jkV i jk + γV Si jk − γTV i jk −µV i jk +µV (i−1) jk +qV ξV (A.2)

Exposed:
dE i jk

dt
= (1−δS)λ

i jkSi jk +(1−δV )(1− rV )λ
i jkV i jk − γEE i jk −µE i jk +µE(i−1) jk +qEξE (A.3)

Exposed, isolating:
dQi jk

dt
= δSλ i jkSi jk +δV (1− rV )λ

i jkV i jk − γEQi jk −µQi jk +µQ(i−1) jk +qQξQ (A.4)
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Infectious, presymtomatic:
dAi jk

dt
= γEE i jk − γPAi jk −µAi jk +µA(i−1) jk +qAξA (A.5)

Infectious, pre-symptomatic, isolating:
dW i jk

dt
= γEQi jk − γPW i jk −µW i jk +µW (i−1) jk +qW ξW (A.6)

Infectous, asymptomatic:
dF i jk

dt
= σAγPAi jk − γAF i jk − γDAF i jk −µF i jk +µF(i−1) jk +qF ξF (A.7)

Infectious, mild-to-moderate symptoms:
dBi jk

dt
= (1−σA)(1−σS)γPAi jk − γMBi jk − γDMBi jk −µBi jk +µB(i−1) jk +qBξB (A.8)

Infectious, severe symptoms:
dCi jk

dt
= (1−σA)σSγpAi jk − γS1Ci jk −µCi jk +µC(i−1) jk +qCξC (A.9)

Infectious, asymptomatic, isolating:
dX i jk

dt
= σAγPW i jk − γAX i jk − γDAX i jk −µX i jk +µX (i−1) jk +qX ξX (A.10)

Infectious, mild-to-moderate symptoms, isolating:
dY i jk

dt
= (1−σA)(1−σS)γPW i jk − γMY i jk − γDMY i jk −µY i jk +µY (i−1) jk +qY 2ξY (A.11)

Infectious, severe symptoms, isolating:
dZi jk

dt
= (1−σA)σSγPW i jk − γS1Zi jk −µZi jk +µZ(i−1) jk +qZξZ (A.12)

Infectious, isolating after testing positive:
dGi jk

dt
= γDA(F

i jk +X i jk)+ γDM(Bi jk +Y i jk)− γIG
i jk −µGi jk +µG(i−1) jk +qGξG (A.13)

Inadequate access to health care resources:
dNi jk

dt
= (1−σH)γS1(C

i jk +Zi jk)− γS2Ni jk −µNi jk +µN(i−1) jk +qNξN (A.14)

Hospital:
dH i jk

dt
= σH(1−σC)γS1(C

i jk +Zi jk)−πHH i jk −µH i jk +µH(i−1) jk +qHξH (A.15)

Pre-ICU:
dH1i jk

dt
= σHσCγS1(C

i jk +Zi jk)−πAH1
i jk −µH1

i jk +µH1
(i−1) jk +qH1ξH1 (A.16)

ICU:
dIi jk

dt
= πAH1

i jk −πBIi jk −µIi jk +µI(i−1) jk +qIξI (A.17)
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Post-ICU:
dH2i jk

dt
= (1−κI)πBIi jk −πCH2

i jk −µH2
i jk +µH2

(i−1) jk +qH2ξH2 (A.18)

Recovered:
dR1i jk

dt
= (1−φC)

(

(1−φM)
(

γIG
i jk + γA(F

i jk +X i jk)+ γM(Bi jk +Y i jk)
)

(A.19)

+(1−φS)
(

(1−κN)γS2Ni jk +(1−κH)πHH i jk +πCH2
i jk
))

+(1−φP)(1−κP)γCPi jk − γRR1
i jk −µR1

i jk +µR1
(i−1) jk +qR1ξR1

Recovered with long-term health complications:
dR2i jk

dt
= (1−φC)

(

φM

(

γIG
i jk + γA(F

i jk +X i jk)+ γM(Bi jk +Y i jk)
)

(A.20)

+φS

(

(1−κN)γS2Ni jk +(1−κH)πHH i jk +πCH2
i jk
))

+φP(1−κP)γCPi jk − γRR2
i jk − γLR2

i jk −µR2
i jk +µR2

(i−1) jk +qR2ξR2

Post-acute COVID-19:
dPi jk

dt
= φC

(

γIG
i jk + γA(F

i jk +X i jk)+ γM(Bi jk +Y i jk)+(1−κN)γS2Ni jk +(1−κH)πHH i jk +πCH2
i jk
)

(A.21)

−γCPi jk −µPi jk +µP(i−1) jk +qPξP

Death:
dDi jk

dt
= κHπHH i jk +κIπBIi jk +κNγS2Ni jk + γLR2

i jk +κPγCPi jk +qDξD (A.22)

Eq. (A.1) accounts for the rate at which people flow into and out of the susceptible (S) compartment. Individuals
leave the compartment as they become infected as a result of the interaction with infectious individuals through the
force of infection term, λ i jk. This term introduces nonlinearity to the model through the multiplicative nonlinear
coupling between susceptible and infectious compartments (B, C, F , X , Y , Z), as in Eq. A.23.

λ i jk = β
Ni

∑
l=1

N j

∑
m=1

Nk

∑
n=1

ci jklmn

Nlmn

(

rrC

(

rrA

(

Almn +F lmn
)

+Blmn +Clmn
)

(A.23)

+ rrQ

(

Glmn +W lmn +X lmn +Y lmn +Zlmn +Nlmn
)

+ rrH

(

H lmn +H1
lmn + Ilmn +H2

lmn
)

)

where ci jklmn is a tensor that quantifies the average number of daily interactions between individuals indexed
by {i, j,k} and those indexed by {l,m,n}. The terms rrC and rrQ are factors accounting for reductions in daily
contacts due to social distancing and quarantining policies, respectively, and hence may vary in time as restrictions
are imposed and removed as in Tuite et al.[1]. The force of infection term differs from [1], as follows: (i) the force
of infection λ may explicitly vary in time to capture the changing reproduction number due to temporal variations
in β (for example due to seasonal trends in transmission, human mobility patterns, and the implementation of
control measures) whereas in [1], this term was a static value, multiplied by a random process that was meant
to induce volatility in the transmission rate in time [3] [4]), (ii) with the inclusion of asymptomatic individuals, a
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reduction factor, rrA, is introduced to allow potential reductions or increases in transmission rates for asymptomatic
carriers, and (iii) the above allows for individuals within the hospital track (compartments N, H, H1, I, H2) to infect
susceptible individuals subject to a reduction factor rrH to account for heightened precautions taken in hospital
settings, but allowing for outbreaks to occur. The expression from Tuite et al. [1] can be recovered by setting those
factors equal to one and zero, respectively.

The second term in Eq. (A.1) accounts for the individuals who leave the susceptible compartment as they are
vaccinated and who return once the effective duration of their vaccine has elapsed. The third term quantifies people
who re-enter the susceptible compartment after a period of temporary immunity from having recovered from the
disease. The final terms account for individuals who remain susceptible, but are aging in and out of the current age
index, i. To ensure that the total population is conserved (i.e., the sum of all 22 compartments across all indices is
equal to unity for all time instances), individuals are introduced to the susceptible compartment (S) of age group i= 1

at a rate equal to the aging out of members from all compartments of age group i = Ni as in [1]. The interpretation
of all other equations follows the same reasoning with the flow in and out of the respective compartments having a
one-to-one correspondence with the directed arrows in Figure 1 in the manuscript.

In a discrete state-space form, the model equation can be represented as in Eq. (A.24),

ut+1 = gt(ut ,qt ;φφφ), (A.24)

where g is the model operator and u is the state vector containing all of the above-mentioned 22×Ni ×N j ×Nk

model states. q is a vector consisting of the model error associated with each model equation, which corresponds
to the red highlighted terms in Eqs.(A.1 - A.22). φφφ is a vector of uncertain time-invariant parameters, meaning the
subset of parameters from Table 2 that are to be estimated.

Similarly, the model must be accompanied by data; the measurement equation is given in Eq. (A.25),

y = hk(ut(k),εεεk;φφφ), (A.25)

which states that measurements, y, of the state, u, are obtained according to the model operator, h, at time,
t(k), and are corrupted by noise, εεε. Note that in our case, the dimension of y will not be equal to that of u, as a
number of the states are not directly observable. The above model and measurement equations are necessary for the
concurrent estimation of model error, state, and parameters [5, 6, 7, 8].

The initial conditions required for simulations consist of a single snapshot of all model states at a given instant
because the model is a system of coupled first-order ordinary differential equations. These initial conditions will
be subject to uncertainty, and thus may need to be . As the forcing of the dynamics are driven by the interaction
of infectious individuals with susceptible individuals, a nonzero initial condition must be assigned in one of the
infectious or exposed compartments (as it is intermediate to susceptible and infectious). This initial condition would
model the immigration of a small number of infectious individuals into the region of interest and initiate community
transmission through forward iterations of the state-space model.

The increased number of states and the inclusion of time-varying parameters and stochastic source terms has
significantly increased the complexity of the model. Thus, it would be beneficial to study the stability of the model
itself [9] prior to investigating the inverse problem. Understanding the influence of parametric uncertainty on various
quantities of interest by conducting global sensitivity analysis (GSA) [10] would also be beneficial to facilitate the
reduction of dimension of the uncertain parameter space.
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Table 1: Model states/compartments (indices omitted for brevity)

Symbol Definition
S Susceptible
V Vaccinated
E Exposed
Q Exposed, isolating
A Infectious, pre-symptomatic
W Infectious, pre-symptomatic, isolating
F Infectious, asymptomatic
B Infectious, mild-to-moderate symptomatic (i.e., symptoms not requiring hospitalization)
C Infectious, severe symptomatic (i.e., symptoms requiring hospitalization)
X Infectious, asymptomatic, isolating
Y Infectious, mild-to-moderate symptomatic, isolating
Z Infectious, severe symptomatic, isolating
G Infectious, mild-to-moderate symptomatic, isolating but not previously in isolation
N No access to hospital care
H Hospitalized, never to be admitted to the intensive care unit (ICU)
H1 Hospitalized, to be admitted to the ICU
I Hospitalized, in the ICU
H2 Hospitalized, after being discharged from the ICU
R1 Recovered, without long-term health complications
R2 Recovered, with long-term health complications
P Post-acute COVID-19
D Death

B Nonlinear sparse Bayesian learning algorithm at a glance

The nonlinear sparse Bayesian learning algorithm seeks to obtain parameter posterior distributions in a hierarchical
Bayesian setting. The parameter posterior distribution is written as

p(φφφ |D ,ααα) =
p(D |φφφ)p(φφφ |ααα)

p(D |ααα)
, (B.1)

where p(D |φφφ) is the likelihood function, p(φφφ |ααα) parameter prior distribution, and p(D |ααα) is the model evidence.
As in Eqs. (A.24 and A.25), φφφ is the set of uncertain model parameters, D represents the data, which is a realization
of y from Eq. (A.25), and ααα is a hyperparameter, which we will examine next.

This algorithm leverages the concept of automatic relevance determination (ARD) to induce sparsity among
the parameters. The set of parameters is decomposed into two distinct subsets, parameters that are known to be
relevant to the observed dynamics (denoted φφφ−α), and parameters whose relevance is questionable (denoted φφφ α).
The parameters that are known to be relevant are assigned prior distributions as in a standard Bayesian approach,
whereas questionable parameters are assigned ARD priors which are zero mean normal distributions with precision
controlled by the hyperparameter ααα. The ARD priors are independent; hence, the parameter prior can be written as

p(φφφ |ααα) = p(φφφ−α)p(φφφ α |ααα) = p(φφφ−α)N (φφφ α |0,diag(ααα)−1). (B.2)

The algorithm optimally selects the values of the elements of ααα, by selecting the values based on the available
data, which maximize the model evidence from Eq. (B.1). A parameter whose precision is determined to be large,
results in a highly peaked Gaussian distribution centered at zero. As the precision tends to infinity, the prior pdf
tends to a Dirac delta function at zero, effectively fixing the parameter to a value of zero and removing it from the
analysis. This results in a data-optimal sparse model. The computational efficiency of this algorithm is achieved
by substituting the prior pdf from Eq. (B.2) into Eq. (B.1), and creating a Gaussian mixture model of the known
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Table 2: Model parameters with definition and reference (indices omitted for brevity)

Symbol Definition
µ Rate that individuals pass from age group i to i+1 (1/width of age group)
rV Vaccine effectiveness (1 indicates 100% immunity, 0 indicates no immunity)
δS Probability that a susceptible individual exposed to the virus will self-isolate (without prior testing)
δV Probability that a vaccinated individual exposed to the virus will self-isolate (without prior testing)
γA 1/the average duration of the infectious period for asymptomatic individuals
γC 1/the average duration of sub-acute COVID-19
γDA Rate of detection among asymptomatic cases
γDM Rate of detection among mild-to-moderate cases
γE 1/the average incubation period
γI 1/the average duration of self-isolation
γL Rate of deaths due to long-term health complications
γM 1/the average duration of the infectious period for individuals with mild-to-moderate symptoms
γP 1/the average duration of the pre-symptomatic infectious period
γR 1/the average effective duration of temporary immunity from having recovered from the virus
γS1 1/the average duration of severe symptoms before seeking hospitalization
γS2 1/the average remaining duration of symptomatic period for individuals with severe symptoms
γT 1/the average effective duration of temporary immunity from vaccination
γV Rate of vaccination
σA Probability that an infectious individual is asymptomatic
σC Probability that a hospitalized case will be admitted to the ICU
σH Probability that an individual has access to hospital care
σS Probability that a case displaying symptoms will require hospitalization
πA 1/the average time in hospital prior to ICU
πB 1/the average time in ICU
πC 1/the average time in hospital following ICU
πH 1/the average duration hospitalization (non-ICU track)
φA Probability of acute COVID
φM Probability of long-term complications for asymptomatic, mild-to-moderate cases
φS Probability of long-term complications for severe cases
φP Probability of long-term complications for post-acute COVID-19 cases
κH Probability of death among hospital cases
κI Probability of death among ICU cases
κN Probability of death among cases without access to hospital care
κP Probability of death among post-acute COVID-19 cases
Ψ Parameter controlling the transition of vaccination indices
ϒ Parameter controlling the transition of comorbidity indices

prior p(φφφ−α) times the likelihood function p(D |φφφ). This allows for the semianalytical computation of many Bayesian
entities and quantities of interest that expedite the optimization of the hyperparameters as summarized in [11]. A
detailed derivation of the algorithm is available in [12].

The NSBL algorithm (and more generally, ARD) has some apparent similarities with the aforementioned GSA,
particularly as both methods can be used for model reduction. However, they are two distinct concepts with
fundamentally different approaches to model reduction which may be complimentary to one another. Some key
differentiating features of the two methods are as follows: (i) GSA considers a single output quantity of interest at
a time, whereas NSBL may involve assimilating observations of multiple quantities of interest which are functions of
the model states, (ii) in GSA, the input parameters’ uncertainty is predefined (akin to a prior distribution), whereas
NSBL considers both prior knowledge and available data, and (iii) for model reduction, GSA does not consider model
complexity, whereas NSBL explicitly handles model complexity through evidence optimization.
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C Modelling the spatio-temporal spread through partial differential equations

In order to extend Eqs. (A.1 – A.22) to model the spatio-temporal spread of COVID-19, the model are to be inter-
preted as population densities. The following nine compartments (indicated by their associated symbol from Table
1) would require the addition of a diffusion term to account for the movement of individuals in those compartments
in space: S, V , E, A, F , C, B, P, R1, R2. This implies that the remaining 12 model compartments do not move in
space, which makes use of the fact that compartments Q, W , X , Y , Z, and G on the quarantine track and N, H, H1,
I, H2 on the hospital track will remain fixed in place until they proceed to one of the recovered compartments, or to
the death compartment, D, where they will remain fixed permanently.

To illustrate how the form of the ordinary differential equations can be extended to partial differential equations,
we take Eq. (A.3), which models infectious, pre-symptomatic individuals as an example. In Eq. (C.1), we see
that the form of the equation is largely unchanged, a diffusion term is added (in blue text), and the state variables
(uppercase letters) are now population densities in space and time. The model error term, ξE , may now also be
modelled as a spatio-temporal white or coloured noise process,

∂E i jk

∂ t
= (1−δs)λ

i jkSi jk +(1−δv)(1− rv)λ
i jkV i jk − εE i jk −µE i jk +µE(i−1) jk +∇ · (νE∇E)+qEξE (C.1)

where νE is a diffusion coefficient for compartment E; one such parameter exists per model state. For more
details on partial differential equation-based compartmental models, see [13, 14, 15], which describe spatio-temporal
compartmental models for COVID-19. For details on the implementation of similar large-scale problems, see [16, 17].
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