Supplemental Materials
Appendix 1
Suppose that we have a total of N1 cases, and a total of N0 controls. A gene
signature containing a total of p genes (indexed by i  1,..., p ) is used to predict a
binary outcome. The training samples are used to construct the simple linear
regression with the beta coefficients (  i ) calculated as the mean difference of each
variable between the case and the control groups. We let random variable  i ,1 (  i , 0 )
denote the gene expression level of the i th gene for a randomly selected case (control)
in the testing set. Assume that gene expression levels are normally distributed:

 i ,1 ~ N (  i ,1 ,  2 ) and  i ,0 ~ N (  i ,0 ,  2 ) . The effect size for the i th gene is
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, which corresponds to an AUC (area under the receiver operating
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characteristic curve) of AUCi  ( i / 2) 1,2 . Let D   ˆi  i ,1   ˆi  i , 0 be the
random variable representing the difference in risk scores between case and control in a
randomly selected pair in the testing set.
The expectation and the variance of D for an average set of ˆi coefficients
p

derived from the training sample are E ( D )   (  i ,1   i , 0 ) 2 and
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Var ( D)  2 2  (  i ,1   i , 0 ) 2  2 p 4 n11  n01 . Therefore for each fold, the AUC
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for the gene signature using these p genes, as evaluated by the testing sample is,
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 i is the average (root mean square) effect size of p genes. This AUC
p i 1

equation can be transformed into a simple linear equation:
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 ( n11  n01 ). This is standard linear regression line which can be
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presented in the form of y  a  bx. Therefore, we use y  Z AUC
and x  n11  n01
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in the text for linear extrapolation.
For the learning curve, we expect b  0 because AUC should increase with the
2
training sample size. We also expect a  0 because Z AUC
should be a positive value.
2
Sometimes, the regression equation has b  0 . When this occurs, we let Z AUC
be the
T
2
average of the above five Z AUC
s, and if a  0 , we perform a linear regression without
2
 b  ( N11  N01 ) .
the intercept, i.e., y  bx and let Z AUC
T
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Appendix 2
The more complex data is a mixture of three normal distributions. For the cases, the
expression level of each gene is distributed as a mixture of three normal distributions
with variances of 1. The three means are generated from a uniform [-1.5, 1.5]
distribution with a probability of 0.6, a uniform [-1.2, 1.2] distribution with a
probability of 0.3 and a uniform [-1, 1] distribution with a probability of 0.1,
respectively. The following displays this normal-mixture distribution (in one
simulation). Different colors represent the four sample sizes considered in our
simulation studies (distribution of controls not shown).
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Appendix 3
The substantially non-normal data is a mixture of two beta distributions with equal
probability for both cases and controls. For the cases,  ,   =(5,6) and (10,5) for the
two beta distributions, both with non-centrality parameter 0. For the controls,  ,  
=(4,3) and (2,1) for the two beta distributions, both with non-centrality parameter 0.
The following displays this beta-mixture distribution (in one simulation). Different
colors represent the four sample sizes considered in our simulation studies
(distribution of controls not shown).
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Appendix 4
Simulation results for the beta-mixture distribution [leave-one-out cross validation
(blue line), 5-fold cross validation (yellow line), 2-fold cross validation (green line),
leave-one-out bootstrap (black dashed line), and the proposed method (red line).]
(1) Naive multiple regression

(2) Support vector machine
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Appendix 5
The 0.632 bootstrap (pink dashed line) shows large bias while the bias of the 0.632+
bootstrap (blue dashed line) is comparable to the proposed method (red line) when
naive multiple regression and support vector machine are used to build gene signature.
The panel A is for normally distributed data with correlation coefficient of 0, the panel
B, with correlation coefficient of 0.2, the panel C is with correlation coefficient of 0.5.
The horizontal thin lines indicate the position of no bias.
(1) Naive multiple regression

(2) Support vector machine
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Appendix 6
The proposed method (red line) outperforms the 0.632+ bootstrap (blue dashed line)
in terms of RMSE when sample size  (10 cases  10 controls) when naive multiple
regression and support vector machine are used to build gene signature. The panel A
is for normally distributed data with correlation coefficient of 0, the panel B, with
correlation coefficient of 0.2, the panel C is with correlation coefficient of 0.5.
(1) Naive multiple regression

(2) Support vector machine
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Appendix 7
Comparison of bias, variance, and root mean squared error (RMSE) of the
2
extrapolation methods using different learning curves : y  a  bx with y  ZAUC

and x  n11  n01 (red, learning curve used in this study), y  a  bx with y  AUC
2
and x  n1  n0 (green) , y  a  bx  cx 2 with y  ZAUC
and x  n11  n01 (blue)

when the naive multiple regression is used to build the gene signature. The left
column of panels is for normally distributed data with correlation coefficient of 0, the
middle column is correlation coefficient of 0.2, and the right column is correlation
coefficient of 0.5. The horizontal thin lines indicate the position of no bias.
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Appendix 8
Comparison of bias, variance, and root mean squared error (RMSE) of the
2
extrapolation methods using different learning curves : y  a  bx with y  ZAUC

and x  n11  n01 (red, learning curve used in this study), y  a  bx with y  AUC
2
and x  n1  n0 (green) , y  a  bx  cx 2 with y  ZAUC
and x  n11  n01 (blue)

when the support vector machine is used to build the gene signature. The left column
of panels is for normally distributed data with correlation coefficient of 0, the middle
column is correlation coefficient of 0.2, and the right column is correlation coefficient
of 0.5. The horizontal thin lines indicate the position of no bias.
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Appendix 9
Bias, variance, and root mean squared error (RMSE) of the various methods under
different sample size when the random forest is used to build the gene signature
[leave-one-out cross validation (blue line), 5-fold cross validation (yellow line), 2-fold
cross validation (green line), leave-one-out bootstrap (black dashed line), and the
proposed method (red line). The leftmost column of panels is for normally distributed
data with correlation coefficient of 0, the second column from left, correlation
coefficient of 0.2, and the third column from left, correlation coefficient of 0.5. The
horizontal thin lines indicate the position of no bias.
(Random Forest is another machine learning algorithm fisrt introduced by Breiman1.
It is an ensemble of unpruned classification or regression trees generated by using
bootstrap samples of the training data and random feature selection in tree induction.
The trees then vote for the most popular class of the ensemble. In this study, we use
the randomForest - package of R with ntree (number of trees) 500 and mtry (munber
of variables randomly sampled as candidates at each split) 3. ).
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