
1 Detailed description of decomposition method

This Appendix contains a detailed specification of the methods for calculating variance
components in our study. The approach has been applied, with some variations, to
human frailty calculations (Hartemink et al. 2017), to laboratory populations of insects
(Hartemink and Caswell 2018), and to populations of an Antarctic seabird (Jenouvrier
et al. 2018). A presentation of the general framework of age×stage-classified models
appears in Caswell et al. (2018).

For clarity, we will indicate the dimensions of important matrices and vectors, with
ω being the number of age classes and g the number of quantile groups.

A Markov chain model. From the lifetable, we extract conditional single-age death
probabilities, qx, and take its complement, px. We then calculate the survival matrix for
the ith quantile, Ui as:
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This matrix is the transient matrix of an absorbing Markov chain.
The fundamental matrix for quantile i is given by

Ni = (I−Ui)
−1 ω × ω (2)

The entries of Ni give the mean occupancy time (which is equivalent to the probability
of occupancy) of each age class, conditional on the starting age class.

Means and variances of longevity. The first and second moments of remaining
longevity, for individuals in each age class within group i, are given by the entries of the
vectors η
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The vectors of the means and variances of longevity for group i, are
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For computation of variance components, it is convenient to combine the mean and
variance vectors for all groups into block structured vectors

E(η̃) =
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 ωg × 1 (7)
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and a similar vector for variances V (η̃). The tilde indicates that these combine both age
and quintile values, with length = gω.

Our next step requires vectors containing, respecetively, the means and variances of
longevity for all groups, at each age x. Denote these vectors by m(x) and v(x),

m(x) = means of all groups, age x (8)

= (Ig ⊗ ex)E (η̃) g × 1 (9)

v(x) = variances of all groups, age x (10)

= (Ig ⊗ ex)V (η̃) g × 1 (11)

where Ig is an identity matrix of order g, ex is a ω × 1 vector with a 1 in the xth entry
and zeros elsewher, and ⊗ is the Kronecker product.

Variance components. Let π(x) be the vector giving the proportional representation
of the groups in a cohort of age x (i.e., the mixing distribution). The within-group and
between-group variances of longevity at age x are

Vwithin(x) = πT(x)v(x) 1 × 1 (12)

Vbetween(x) = πT(x) [m(x) ◦m(x)] − [πT(x)m(x)]2 1 × 1 (13)

where ◦ denotes the Hadamard, or element-by-element product.

The mixing distribution. It remains only to calculate the mixing distribution that
appears in (12) and (13). This distribution changes with age because of differential
mortality among groups. Assume that π(0) is known. Since quantiles are by definition
evenly distributed, we will set every entry of π(0) to 1/g, but any other initial composition
could be used.

Starting with an initial cohort

n
(i)
0 = e1πi(0) ω × 1 (14)

That is, an age distribution vector with πi(0) in the first entry and zeros elsewhere. The
cohort size at age x is then

Ni(x) = 1T

ωU
x
i n

(i)
0 . (15)

where 1ω is a vector of ones, of length ω. The mixing distribution describing the cohort
at age x is the vector of the Ni(s), normalized to sum to 1,

π(x) =

 N1(x)
...

Ng(x)

 1∑
iNi(x)

g × 1 (16)
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