
APPENDICES

Appendix 1: Bootstrapping DEA (CCR and BCC) calculation algorithm

DEA follows a linear programming methodology to construct a non-parametric frontier over 

the data, and this frontier can then be used as basis to calculate the efficiency of the different 

THs. Let us consider a sample of i THs which uses N inputs to produce M outputs. The DEA 

efficiency measures can be obtained by solving K linear programs for each TH, following 

either a CRS or VRS assumption. Thus, technical efficiencies can be calculated by solving the 

following linear problem:1
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  However, since DEA has statistical limitations, we use the bootstrap procedure to account 

for some of these.2–4 Having estimated the models with different scale assumptions, it is then 

possible to calculate the bootstrapped scale efficiency scores of the different THs involved in 

the relevant analysis.5 Following closely Simar and Wilson’s methodology,2 6 the CRS and 

VRS efficiency measures are estimated in each bootstrap replication according to the 

following procedure-algorithm:

1. Calculate the efficiency scores  for each TH  as in Eq. (1) by 1 2, ,..., n   1,2,...,i n

solving the linear programming model.

2. Use a smooth bootstrap to generate a random sample size of N from1 2, ,...,B B Bn  

where1 2, ,..., n  
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Denote that , h is the smoothing parameter of the kernel  and
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density estimate of the original efficiency estimates, and  are random draw *, 1, 2,...,i i n 

form the standard normal distribution. Note that we obtain h for our bootstrapping application 

by maximizing the likelihood cross-validation function in the Gaussian kernel estimation. The 

Kernel density estimation is a nonparametric technique for density estimation in which a 

known density function (the kernel) is averaged across the observed data points to create a 

smooth approximation.



3. Compute the bootstrap estimate of technical efficiency for each TH  using 1,2,...,i n

the ratio .*/i i 

4. Resolve the original DEA model using the adjusted outputs to obtain .*
Bi

5. Repeat steps (2)–(4), B times to provide for B sets of  estimates and compute the θ

estimated confidence intervals for the efficiency scores. For the analysis, 2000 samples were 

generated for each TH. Bias corrected estimates of original technical efficiency scores are 

derived through . *1bias , biasi i i i Bi iB
      

Appendix 2: Bootstrapping Malmquist productivity index calculation algorithm

The output-oriented Malmquist index between periods t and t+1, can be defined as:7
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where TECi,t and TCi,t represent the technical efficiency changes and technological changes, 

respectively. Efficiency greater (or less) than one indicate , 1 , 1 , 1, ,t t t t t t
i i iM TEC TC  

productivity growth (or decline) for the DMU  between period t and t+1. ( 1, 2,..., )i i n

However, relation (1) does not allow us to determine whether changes in productivity, 

efficiency or technology are real or merely artefacts of the fact that we do not know the true 

production frontiers and must estimate them from a finite sample.4 Thus, we employ a 

consistent bootstrap estimation procedure for correcting and obtaining confidence intervals 

for the Malmquist index and its components. The idea underlying the bootstrap is to 

approximate the sampling distribution of the  (the unknown true values of ). We , 1ˆ t t
iM  , 1t t

iM 

generate through the DGP process (a series of pseudo datasets) to obtain bootstrap estimate

. Simar and Wilson2 discussed the problems that arise for bootstrapping in DEA , 1
*

ˆ t tM 

models and they suggested the use of a smooth bootstrap procedure. In addition, the 

Malmquist index uses panel data, with the possibility of temporal correlation. For this reason, 

Simar and Wilson4 modified the bootstrap algorithm for efficiency scores to preserve any 

temporal correlation present in the data by applying a bivariate smoothing procedure. The 

procedure can be summarized as follow:



1. Compute the Malmquist productivity index for each TH  by solving the , 1ˆ t t
iM  1,2,...,i n

DEA models as described in Eq. (1).

2. Calculate the pseudo dataset to obtain the reference   * *, ; 1, 2,..., ;  1, 2it itx y i n t 

bootstrap technology by using bivariate kernel density where the bandwidth was selected 

following the normal reference rule.

3. Compute the bootstrap estimate of the Malmquist index for each TH through the , 1
, *

ˆ t t
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pseudo sample obtained in step 2.

4. Repeat steps 2 and 3, B times (number of bootstrap replications) in order to obtain the 

bootstrap sample  ˆ ˆt,t+1 t,t+1
i,B*i,1*

M ,...,M

5. From the bootstrap sample, compute bias-corrected estimates and confidence intervals 

for the Malmquist index by selecting the appropriate percentiles.

The bias-corrected estimates of the Malmquist index, are obtained from:
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However, the correction of the bias introduces additional noise, which increase the variance 

of the estimator. Thus, as rule of thumb, Simar and Wilson4 recommended that one not correct 

for the bias unless , where is the sample standard    ˆ3 t,t+1
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deviation of the bootstrap scores. The construction of the confidence intervals is obtained 

sorting the scores in increasing order and deletes the - ˆ ˆt,t+1 Bt,t+1
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percent of the elements at either end of the sorted lists. Then, for setting and*ˆ 

, which is equal to the endpoints of the sorted array, the estimate -* * *ˆ ˆˆb (with b )     (1 )

percent confidence interval for the productivity index is
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Relations (2) and (3) are similarly computed for the components of the Malmquist index. 

With the obtained confidence interval for the Malmquist index and its components, it is 

possible to determine whether productivity improvement (or deteriorated) is significant at the 

established confidence level.
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